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Problem definition:

a(Vpt) =7y (V) + 75 (Vi) V>0, t>6>0,6=0

V(s)=V, 0<s<e¢
V(&) =V, —h,

dVv (s) -0
ds

h(0) =V -V, =h,

e<s<t

V(£) =V, —h(0) =V,

V, =V, (V,,1) =V (1)

OBS: Maybe a continuous time definition of h is not necessary.

h(kt) =V, (V,,t) =V, =h  vke{l2,.,n},n—>c0

h(s)=0 Vs=kt,ke{0,1,2,...,n},n—>

V(kt+s)=V(s) Ve<s<tke{0,12..n}n—>w

Vkt+&)=V(t+e)=V, Vke{O,Z,...,n},n—>oo

PAi (VZ(Vl,t) —Vl)—C
e" -1

=Py (Vo—V,)—C+

F(0)=F,=0
Particular values:
F(e)=F,+h(0)=V, -V, =h,
Ft+g)—F(t)=h(t)=h,

F(kt+s)—F(kt)=h(t)=h, Vke{l2,...n},n—>w
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Generalized results:
F(s)=F(e)=h, e<s<t+e¢

F(kt+s)=h,+kh, Ve<s<t+eke{l2,.,n}n—>w

Y(s)=V(s)+F(s)

T SIS dY(s
ﬁG=£e¢e (PBIY(S)+PBZ di)jds

Y(s)=V(s)+F(s) sz_F@SZVO"'wS

ﬂ :Te<r¢)s£P [V +(vzwl,t)—vl)S}p (v2<v1,t>—v1)JOIS
B ) B | Vo t B, t

Vz (Vl’t) _Vl)

nB:Te"ZSEPBIVO+(PBls+PBz)( " jds , L=r—¢
0

7y =& (PBlVO +(Pys+Py )—(V2 M ’tt) _Vl)jds
0

(Vz (V1 ' t) _V1)
t

Ty = ]ge‘rzsPBlVOds + Te‘rzs (Pys+Ps) ds
0 0

g = P%VOTe‘rzsds RUAUTRY; ’tt) ) Te‘rzs (Pys+P, )ds
0 0

Maximization problem:

max 7 (Vy,t;.) = P, (Vo —Vy)—C+ P, (V,(V,)-V;)—c

T —I,s (V (V’t)_v)OO —Is
ne; 1 +PBlV0‘c[e ds+%£e (PBls+PBz)ds
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First order optimum conditions:

P
d—7[=—P,)n+ A‘ dv; -1+
dv, dV

(dv 1}
dv, )%

Ie"z Ps+P )ds 0

dVv
i PA&%(e”—1)—(PA1(Vz(\/l,t)—Vl)—c)re” " dzt (V, (Vit)-Vi)
2o dt > +Ie‘r25(PBls+ P, )d t 5 =0
dt (e” —1) 0 i t
Reformulations of the first order optimum conditions:
Te‘“zs (Pys+P, )ds
d—”:—PAo+P—A‘(dV lj+0 (dvz —1j:0
dv, dv t dv,
Ie‘rz (PBls+P )d
d—ﬁ=—PA0+ ?’* + [dvz—l}o
dv, e" -1 t dv,
dVv
dr P d;/(e”—l) (Py (Vo (Vi 1) =V,)—c)re™ - e (V, (V. t)-V;)
—= > +Ie‘rzs(PBls+PB)d 5 =0
dt (e” —1) 0 ‘ t
dv. r e’ 1S
dr Prog (D (Pa (Va0 V) —c)re" fe (Pus R ) g (v v))
dt (e _1) t dt t
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Final version of the first order optimum conditions:

Terzs (PBls + Py, )ds
0

d—”=—PAU+ f)’* + (dvz—l}o
dv, et -1 t dv,
p, V2 (e =1)—(P, (V,(V,, 1) -V, ) —c)re” TefzS(P s+P,, )ds
dz _ " dv, AT ' L0 o dV, _(Vz (Virt)-Vi) _
dt (e”—1)2 t dt t -

OBS: Here, it is possible to introduce "MC = MR interpretations” and ”"Faustmann modification

interpretations”.

Observations concerning some second order derivatives and second order maximum conditions:

x| Py !e"ZS(PBlHPBZ)ds 0,

d*V
2 7| art + 2
dv? |e"-1 t dv,

2
=<0

1

<0 , r>0,t>O,PA1>0,PB120,P8220,

2
The sign of e is more complicated to determine. However, a unique maximum will be assumed.

or

d2zr dv,>  dvdt

dt? = d’z  d°z -0
dtdv, dt®

Comparative statics analysis in the time interval dimension:

2 2
d fdt*+ d'z
dt dtdP,

dP, =0

2 2
I7 =97 gp,
dt dtdp,
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d?rx
dt”  dtdp,
E_ d’z
dt?
d2r _!e sds av, (Va(Vit)-V)
ddp,  t dt t

dP,  t | dt t

d’z QGZdS[de (Vz(Vl,t)—Vl)]

dv, (V(Vut)-V)
t

Observation: Let t >0At — 0. [ J is strictly positive for low values of V ,

zero for the MSY maximizing value of V' , Vs, , and strictly negative for higher values of V .

>0 if  V, <V

2
97 10 if v,=v,,
dtdR, :
<0 if V,>V,
, >0 if V, <V,
d°z :
G 1 0 if V,=V,y
<0 if V, >V,
>0 if V,<V
dt* ) 2 MSY
dT =3\= |f V2 :VMSY

B0 if V>V

>0 if V, <V
dt* ~ 2 MSY

E_ = ?f VZZVMSY
2 |<0 if V, >V,

Hence, if P, increases, ceteres paribus, the optimal harvest interval increases if V, <V, .

The optimal harvest interval is not changed if V, =V,,,, and the optimal harvest decreases if
V, >V -

It is NOT optimal to increase the stock level above Vg, .
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Comparative statics analysis in the volume dimension:

2 2
&'z ’ﬁdvl*+—d ®_dp, =0
av, dV,dP,

2 2
%dv; 97 _4p —0
1

+ —_—
dv,dp, >

dv,) =————dP
dv;? t dvidp, ™

_ d’z
dv,  dVidPy
dP, - dz
dv,?

Let us assume that growth, at least locally, can be approximated by the logistic equation:
V2 = V2 (Vl ) t)

The following equation is derived and explained in detail in

Lohmander, P., Zazykina, L., Methodology for optimization of continuous cover forestry with
consideration of recreation and the forest and energy industries, Report and Abstract, Forests of
Eurasia, Publishing House of Moscow State Forest University, September 19 - 25, 2010
http://www.lohmander.com/Moscow10/Moscow10 PL LZ.pdf
http://www.lohmander.com/Moscow10/Moscow10 PL LZ.doc
http://www.lohmander.com/Moscow PL 2010.pdf

http://www.lohmander.com/Moscow 2010/Lohmander Zazykina Moscow 2010.ppt
http://www.lohmander.com/Moscow 2010/Programma-LE 10 01.doc

1
V,=V,(V,,t;.)=

1 (1 1) .«
4= le
K (v, K



http://www.lohmander.com/Moscow10/Moscow10_PL_LZ.pdf
http://www.lohmander.com/Moscow10/Moscow10_PL_LZ.doc
http://www.lohmander.com/Moscow_PL_2010.pdf
http://www.lohmander.com/Moscow_2010/Lohmander_Zazykina_Moscow_2010.ppt
http://www.lohmander.com/Moscow_2010/Programma-LE_10_01.doc

dv.

2_1:

Gorgan_PL_Model
Peter Lohmander 171025_2057

(1-e)(we" ~(K-V,)')

av,

Assumptions:

(Vie + K -V,

at>0:>(1—ea‘)<0:>

sgn

sgn

sgn

sgn

sgn

@V,

d?x
dv,dP,

dr
dv,dP,

dv,dp,

av, —1] =sgn (—(Vlzeat -(K _Vl)z ))

=sgn L% —1}
dv,

=sgn (—er"’“ +(K —Vl)z)

=sgn(-(We" ~(K-Vv,)’))

=sgn(-V,’e™ + K? —2KV, +V?)

=sgn(V;* (1-€* )+ K* - 2KV,

Calculations with very short time intervals:

t—>0:>(1—ea‘)—>0:>

sgn

sgn

d?rx
dv,d P,

d?rx
dv,d Py

Assumptions:

K>0=>

sgn{

d?r
dVv,dP,

=sgn

=sgn

o

d?rx
dv,d P,

d?rx
dv,d P

2

dv,dP,

=sgn(K?*-2KV,)

=sgn(K (K -2V,))

ad J:sgn(K—Zvl):sgn(g—Vlj



Observations:

a V,<— sgn
K
b. V,=— sgn
175 g
K
c. V,>— sgn
175 g

d?z
dv,d Py,

d?z
dv,d Py,

d?z
dVldPBl

=sgn

=sgn

=sgn
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dz

dV,dP,

dr

dV,dP,

d?r

dV,dP,

=sgn

=sgn

=sgn

av,

av,

av,

av,
av,

av,

>0

<0

Calculations with longer time intervals:

dz

dr
sgn =sgn =sgn(V.?(1—e™ )+ K?-2KV.
J [dvldPBl] J (dvldPBZ] J (1( ) 1)

. . t .
Hence, if t increases from zero, then (1— e? ) becomes more negative.

As a result, (Vl2 (1—eat ) +K? - 2KV1) becomes more negative.

d’r d’r dv, ] ] . K
sgn =sgn and —=—1may become strictly negative even if V, < — .
dV,dP, dV,dP, dv, 2

Conclusions in the volume dimension:

If the time interval is very short (approximately zero):

. d ’r . d ’
* dv,dR, * dv,dP,
v, = ; B and v, = ; % are strictly positive for low values of V , zero for V that
dR, d°z dR, dz
dv,2 dv,2

maximizes MSY and strictly negative for larger values of V .

Hence, if F’B1 and/or PBZ increase(s), ceteres paribus, the optimal stock level converges to V =V, .

It is NOT optimal to increase the stock level above V,,q, .
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If the time interval is not very short:

_d ’r . d ’r
* dV,dR, * dv,dR,
v, = ; B and v, = ; % are strictly positive for low values of V (if the time
dRy, dz dR, d°z
dv,2 dv,2

interval is sufficiently short), equal to zero for a particular value of V,V, <V, , and strictly negative

for larger values of V .

Hence, if F’Bl and/or F’B2 increase(s), ceteres paribus, the optimal stock level converges to a value

below Vg, -

It is NOT optimal to increase the stock level above V,, .

Comparative statics analysis in two dimensions:

In the derivations below, we investigate the qualitative effects (directions of changes) of the decision

d’z d’z
variables in case the imaginary parameter P; increases. Since Sgn =sgn| ———— | and
dV,dR, dv,dP,
2
2 2
sgn =sgn , and since complementary assumptions are made (below), the results
dtdP, dtdP,

derived and reported below with respect to the imaginary parameter P, , are relevant to both of the

the real parameters P and B .

d’z  dz d’z
. - |- dP,
dv? dvdt {dv1 } dV,dP,

d’z  d?z || dt’ dr
> - dp,
dtdv, dt dtdP,
P
D] dv,>  dv,dt
dx g

dtdv,  dt?
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dv?  dvdt
D= , . |>
T dzr
dtdv,  dt?
d?r d?r
CdvdP, dvdt
B d?r @ d?z d*z  d?z d*zx
dv, | ddp, d’ | " dvdp, di®  didP, dvidt
dp, D] D]
d?r d?r
dv’  dv,dp,
d’r B d?r d’z d’z  d%*z dx
dt |ddv, ddP, | dvZ dtdP, * dtdV, dv,dP,
", B B

Special assumptions of relevance to the two dimensional comparative statics analysis:

d?r

dtdV,

=¢<0.ABS(&) is very small. We have a unique maximum. |D| >0.

As a consequence,

B d’z d27r|
dv,dp, dv,dt
d’z d’z d’z d’z  d*z d’z d°z
dv, | ddp,  dt’ | " dvdp, d? ' dtdp,©  dvidp, dt
dp, D] ) D| ~ o]
d’z B d’z
dv>  dVv,dp,
d’z d’z d’z d*z d’z d’z dz
o |dtdv, dtdP, | o7 dtdP, dvdP,  dV,’ didP,
dp, D] ) D) ~ o]

dv,” d’z
sgn =sgn
dP dv,dP,

o]
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Conclusions from the one and two dimensional comparative statics analyses:

If the initial value of V, is lower than V,,;, and the time interval t is sufficiently short, then V, and t

increase if P, (F’Bl and/or PBz ) increase(s).

If the initial value of V, is lower than V,,,, and the time interval t is sufficiently long, then V, and t

may be unchanged or decrease if P, ( F’B1 and/or PBZ ) increase(s).

If the initial value of V| is equal toV,,;, and the time interval t is very short, then V,and t are not

changed if P, (F’Bl and/or PBz ) increase(s).

If the initial value of V, is higher than V,,;, and/or the time interval t is sufficiently long, then V, and

t decrease if P, (PBl and/or PBz ) increase(s).



