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The Rotation Age, the Constrained Faustmann Problem
and the Initial Conditions

P. LOHMANDER

University of Agricultural Sciences, Umed, Sweden

The traditional unrestricted forest rotation problem as presented by JOHANSSON and LOFGREN
[4] is generalized!) and compared with different kinds of restricted harvest problems. The restrictions
are of two kinds: 1. Harvest capacity and 2. A constant harvest level.

It is proved that (how) the optimal harvest level and the optimal selection of stands are dependent
on the initial age distribution, regeneration costs, price function, the rate of interest and the harvest
capacity input requirements. Analytical and numerical methods are used to derive the optimal solu-
tions and the comparative statics results. Some stand selection rules for simple restricted situations
are derived.

1. Introduction

The purpose of this paper is to highlight some fundamental properties of the optimal
solutions to different kinds of restricted harvest problems in forestry. The paper deals
with deterministic problems only. This is an obvious drawback as stressed by for instance
LouMaxDER, [8]. However, the restricted deterministic problems have gained some
attention lately (compare HuLTkRANTZ [2] and Jaconrssoxn [3]). In this paper, we will
find that their results are consistent with very special planning situations only. The
intention is to generalize the models and to pinpoint the critical assumptions to the
different results. Most likely, it will in the future be possible to extend the analysis of
this paper to stochastic and restricted cases.

The restricted rotation problems have been discussed earlier by for instance von
Marmsore [13]. He explicitly took the capacity restrictions into account via linear
programming. KILKET [5] also uses linear programming in the planning of forest har-
vesting. LOHMANDER [6] presents the principles of budgeting within the forest industry
enterprise and the use of linear programming. The technical problem solving including
the “standard” restrictions are given. LoHMANDER [7] analyses the harvest level restric-
tion problem in forestry and shows that it is economical to deviate from the distribu-
tion suggested by HULTERANTZ [2].

The analysis of the “traditional” and unrestricted rotation problem is well presented
by CrLark [1] and by JonANssoN and LOFGREN [4]. This paper also includes a generali-
zation!) of their analysis. The reason partly is that this serves as a valuable reference
solution to the restricted problems.

1j Age dependent net prices are introduced.

25 Syst. Anal. 7 (1990) 5



e A e Ao S e e B

378 Syst. Anal. Model. Simul. 7 (1990) 5
2. . A Selection of Resfrieted Situations

Let us select a limited set of problems. From a scientific point of view it is not very
satisfactory to do so. One general model would be the most interesting problem. However
in order to generalize the existing and very different models and in order to limit the
analysis to some partial but interesting cases, some different models are used. However,
in all of them, the present value is maximized, which is motivated on the grounds sug-
gested by Jonansson and LOorerEN [4] in Chapter 1.

The first problem is (1), which is a generalized unrestricted rotation problem (com-
pare [4]). The generalization simply is that the price is a general function of age here.
This is obviously an important model change since it explicitly captures an important
part of forest economics, namely price “growth”. In the model used by Johansson and
Lofgren, price was treated as a constant (which was age independent). A time trend was
however discussed?).

7= [~C + e TPIV(D)] 1— iy i

= is the present value of an infinite series of identical forest generations, ¢ denotes time,
C is the regeneration cost, P(T) is the net price, r is the rate of interest, 7' is the rotation
age and V(T) is the stand density; see Fig. 1.

+P(TIV(T] +P(TIV(T)

la lT 121 Tt
-C -C -C
Fig. 1. The unrestricted problem according to Equ. (1)

The next problem (2) is the following: You own a forest area without any forest.
You want to maximize the present value of all future profits and have the restriction
that when harvesting begins, you can never more change the harvest level. What is
the optimal rotation period under these conditions ? It should be clear that the problem
definition suffers from the following;

— There may be an initial forest on the land. The model cannot deal with the optimal
harvest of that initial forest. Furthermore, the initial forest may severely influence
the optimal harvest period in the future. This will be shown in this paper.

~ Generally, harvest level restrictions have to do with the coordination with existing
capacity in forest industry or harvest resources. In this model, the restrictions have
nothing to do with the present flow. The harvest is restricted only after one rotation
period and in the future. It is unlikely that the mill capacity or the harvest machine
capacity can be perfectly predicted maybe 100 years in advance.

?) The distinetion is important since an age dependence may exist even if no time trend can be detect-
ed in the market price.
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Anyhow, this model is motivated here since it is a strong generalization of the Huvt-
KRANTZ [2] model and it shows the sensitivity of that model results to the unrealistic
assumptions. In the model analysed by Hultkrantz, the price was constant and no costs
were present.

T T 1
,-.,=?{0f_e LR -"[P(T)F’(T}-C]eﬂ,ﬁlds} @)
Because of the particular underlying assumptions, it is suggested that the model (2)
is called the “Iceland forestry problem”.
(1/T on the RHS in (2) is the part of the forest which is harvested and replanted each
vear if the rotation period is 7' years; see Fig. 2.)

A third problem is defined in (3). This problem corresponds to problem (2) with respect
to the future conditions. However, the initial forest is explicitly taken into considera-
tion. -

n = I(T; 2, Ty) + «~"=F(T). ' (3)

F in Equ. (3) is defined as x in Equ. (2). I(T; z, T) is the present value of the profits
from the initial forest, 7 is the rotation age in the future forest (according to Equ. ( 2)),
x is the point in time when the regeneration of the new forest starts and T, is a para-
meter describing the density in the initial forest; see Fig. 3.

(A special case is of course if the initial forest land is evenly distributed over the forest
age spectrum and T denotes the age of the oldest trees.)

Note that (3) is a much more general formulation than (2). The basic improvement
of realism is that the initial forest is taken into consideration. The sooner the old forest
is harvested, the sooner the new forest can be established. As will be shown, this rela-
tionship generally influences the optimal rotation age in the new forest.

In (4) the problem is the following; — You should buy a forest area with an initial
forest. The area is evenly distributed over the ages. What is the optimal initial age of
the oldest stand ? (The harvest level must be constant in the future.) Note that (4) is
quite different from (2) in the sence that you can select the rotation age in both cases

" ‘P[TT]VIT}
i T : ——— et
- -
T e
Fig. 2. The restricted problem according to Equ. (2)
ITX,T)
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I
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Fig. 8. The restricted problem according to Equ. (3)
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but if you select a high rotation age in (2), then you have to wait long for the harvest

to begin. In case (4) you can start harvesting at once. This of course affects the optimal
rotation ages, which are different in the two “similar” problems.

17 _ i 1
IT = — [ e "[P(T)V(T) — C] ——— d¢ (4)
T ¢ 1=

e~ T "

Finally we analyse the more traditional kind of restriction, namely restricted harvest
capacity.

IT = fyhyy + frabaa + oo+ fiabin + farhay + faghos + ... + fonhian - (5)
Equ. (5) shows the present value of the profits from harvest in n different stands. fii
denotes the present value per hectare of harvesting stand 7 in period 7. hy; denotes the
number of hectares in stand j that are harvested in period 4. The problem contains only
two periods, where we assume that the harvest capacity is restricted in period 1 only,
according to (6). We assume (which is quite likely in a real world situation) that the
harvest capacity can be adjusted in the future.

ophyy + opehs + oo Rphy < 4,
Ggrhyy + ogfs + ol A Gigply, < A4,, i
(6)

Omihyy + Oimafyg + oo+ dpahyy < A,,.

A particular area is harvested in period 1 or period 2. The total area in one stand is de-
noted by Hj. f,; is strictly greater than f,;, which means that all stands under investiga-
tion should be harvested in period 1 if there would be sufficient harvest capacity.
Period 1 is so short that no stand can be completely harvested during that period.
(“Stand” may be thought of as “stand class™ or “forest”.)

Even though this problem may seem highly restricted, it is a quite general problem
which deals with the typical situation faced by the forest owner;

— What stands should I harvest now, considering my present restrictions in machine
capacity and labour time ?

It will turn out that simple and quite general rules of optimal stand selection can be
found. Furthermore, the optimal selection of stands cannot be made without knowledge
of the present value if harvest takes place today and if harvest takes place in the un-
restricted period, the input coefficients and the different capacities. Jacossson [3]
selects stands without regarding the resource requirements, which obviously leads to
a solution which is not optimal when there are capacity restrictions. Furthermore, if
there are no restrictions, there is no reason to select stands. All stands could be harvested
at once!

3. Results

The optimization problems that result from the Equs. (1), (2), (3), (4) and (5 and 6) are
solved in the corresponding appendices. The rule which gives the optimal rotation age
and the most interesting comparative statics results are derived.

In Appendix 6, the simple optimization program used in the construction of the
Figs. 4, ..., 13 is given. In the graphs (and the program), there are two different opti-
mization problems under investigation. The different selections are SEL 1 and SEL 2,
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Fig. 5. The optimal present value as a funection of the derivative of net price with respect
to age.
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Fig. 7. The optimal present value as a function of the cost of regeneration
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Fig. 8. The optimal rotation period as a function of the rate of interest. .

P(t) = 50 4- t(solid line)
P(t) = 160 (dotted line)

which correspond to the Equs. (1) and (2) respectively. The volume function (stand
density as a function of age) is discussed in more detail by LonMaxpER [8]. It is shown
in (7).

In the numerical examples (the Figs. 4, ..., 13), the parameters are given the fol-
lowing numerical values if nothing else is written in the figure texts:
C' = 5000 crowns/hectare, P(T") = (50 - T') crowns per cubic metre, r = 3%, M =
6.4 m%hectare and § = 60 years. (The parameters M = 6.4 and S = 60 correspond to
Pinus Contorta, H50 = 20 m.)

V({t)y=M %S # (1.6416) (1. — 6.3582(— 4826967 @

where ¥ (t) is stand density at age ¢, M is the maximum mean annual increment and S
is the rotation age of maximum mean annual increment.,
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Fig. 9. The optimal present value as a function of the rate of interest (—=:SEL=1;
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Fig. 12. The optimal rotation age as a function of S, the rotation age which gives maximum
mean annual increment
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Fig. 18, The optimal present value as a function of S, the rotation age which gives maximum
mean annual increment
3.1. Results from Equation (1)

In Appendix 1, we find that the optimal rule is the following
P'(TV(T) + P(IV'(T)

{(—C+ POV} —z

=Tr. (8)

In the rest of this section, T' denotes the optimal rotation age. The interpretation of (8)
is that the value growth in the forest (at T') should give exactly the rate of interest to
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the value of the existing stand (which is released during the harvest) and the present
value of all future forest generations. '

The difference between (8) and the corresponding solution in JomaNssox and LOrGREN
[4] is simply the presence of P'(TYV(T) in the nominator. Hence, in this version, the
price growth?®) gives some extra value growth in this case and the optimal rotation age
should generally be higher. In Appendix 1, it is shown that, ceteres paribus, then the
optimal rotation age also increases. The corresponding quantitative results are presented
in Figs. 4 and 5.

The optimal rotation age increases with the regeneration cost and decreases with the
rate of interest in the capital market. These effects are the same in the model used by
Johansson and Léfgren. The numerical results are shown in the Figs. 6 and 8.

Particularily, one should observe the following:

— The optimal rotation age is very sensitive to the slope of the net price function. The
optimal present value, on the other hand, is rather insensitive to the slope. (When the
price slope is very high, the optimal rotation age is even higher than the age which
gives the maximum mean annual increment.)

~ The optimal rotation age and the optimal present value are very sensitive to the re-
generation cost. In the particular example, 7000 crowns per hectare is the regenera-
tion cost which gives zero profitability.

— The optimal rotation age and the optimal present value are extremely sensitive to
the rate of interest. The rate of interest which gives zero profitability is 3.79 in the
example (the internal rate of interest).

— When the maximum mean annual increment increases, then the optimal rotation age
decreases and the optimal present value increases. The maximum mean annual in-
crement must be at least 4.5 m3 hectare if forestry should be profitable in the exam-
ple.

— When the age of maximum mean annual increment increases, then the optimal rota-
tion age increases and the optimal present value decrease. It is interesting to note that
the optimal rotation age increases with about two years when the age of maximum
annual increment increases with ten years. If forestry should be profitable, then the
age of maximum mean annual increment must be below 142 years.

3.2, Results from Equation (2)
In Appendix 2, we find that the optimal rule is

—Cre” + P(OV(T) + POW(T) 1 -
—CeT + P(T)V(T) =gt

As a special case of (9), if we exclude costs and age dependent net prices from the cal-
culations and just look at volumes, then we get a result consistent with HuLTRRANTZ
[2], namely

LaVi] 1

— e . 1

v T T (10)
However, since we deal with economics, we should not exclude the properties of prices
and costs, particularily if they will influence the analytical and numerical results in

?) Note particularily that this result has nothing to do with a changing price level on the roundwood
market. The optimal rotation age is discussed conditional on the observed price level and the age
dependence in the net price function.
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such a way as what is shown below. See also Section 3.3., where the analysis is further
generalized.

- The analytical comparative statics results are the following :

— The optimal rotation age increases with the regeneration cost, decreases with the
rate of interest and increases with the slope of the net price function (ceteres paribus).
The following results should be particularily observed:

— The optimal rotation age is highly sensitive to the slope of the net price function,
but the optimal present value is rather insensitive to this slope.

— The optimal rotation age is more sensitive to the regeneration cost in this case than
according to the “lraditional” (unrestricted) Equ. (1). This means (compare Fig. 6)
that the optimal rotation age is shorter, equal to or higher than the rotation age in
the corresponding unrestricted problem (Equ. (1)). However, the optimal rotation
age is obviously the same in the two models when the optimal present value is equal
to zero. (Compare the Figs. 6, 7, 8 and 9.)

— The critical levels of C, 7, M and i when profitability is zero are the same for the un-
restricted and the restricted models.

— The qualitative results with respect to the parameters C, r, M and S are the same for
the unrestricted and the restricted models except for that the optimal rotation age in-
creases with the rate of interest in the restricted model if the optimal present value
Is negative. The reason (which can be obtained through inspection of the equations
in Appendix 2) is that if profitability is negative, then we can decrease the loss by
selecting a very high rotation age (decreasing the part of the land which is planted
each year). If the rotation age is infinity, then the present value of the costs is zero.

— If the optimal present value is positive, then the unrestricted model gives a higher
present value. The reason is that, in the unrestricted model, all of the area can be
replanted at once. Hence, the profits will be gained earlier. Furthermore, there is
no harvest level restriction, which by itself may lead to higher profitability.

3.3. Results from Equation (3)

In Appendix 3, we find that the optimal rotation age in the future forest (the restricted
forest according to Eq. (2)) increases strictly with the density of the initial forest. Hence,
if there is an initial forest, the optimal rotation age in the new, restricted forest can not
be calculated without regarding the initial conditions. Obviously, if we do so anyway,
we can expect a systematic deviation from the true (optimal) rotation age.

3.4. Results from Equation (4)

This model is very similar to the Equ. (2) model. However, in this model, we will start
harvesting at once, irrespective of the rotation age. We simply assume that the forest
already has the optimal age distribution. Hence, we can expect that the optimal rotation
age in this case is higher than in the case resulting from Equ. (2). According to Ap-
pendix 4., the optimal rotation age is determined from the condition
PTV(T)+PTP(T) 1 (11)
PTV(T)—C e -
Clearly, if we assume price to be age independent and the regeneration cost to be zero,
then (11) is consistent with
vir 1 -
—— e 2
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If (12) is rewritten as (13), we find that the optimal rotation age is the age which maxi-
mizes the mean annual increment. Clearly, the rotation age according to (12) is higher
than the rotation age suggested by the simplified Equ. (10). This confirmes intui-
tion

- V()

T = T (13)
It is interesting to observe that the optimal rotation age in this (11) problem is indepen-
dent of the rate of interest in the capital market! This has to do with the harvest level
restriction and the initial condition assumed, that the optimal age distribution already
exists; Irrespective of the rate of interest, we want to maximize the profit which we
get each year in the future. This yearly profit is dependent on the age of the oldest trees,
the reforestration costs and the age dependent price only.

The rotation age (13) is also the optimal solution to the unrestricted rotation prob-

lem (1) if the price is age independent, the reforestration cost is zero and the rate of in-
terest approaches zero. Compare JoHnaxssox and LOFGREN [4].

3.5. Results from Equations (5) and (6)

In Appendix 5, two different situations are described. In situation 1, there is only one
efficient restriction (one resource that is completely used) in the harvest problem. It
is found that only one stand (forest area) should be harvested in that case and that the
stand(forest area) should be selected which maximizes the ratio (14). This means that
the limited resource is used the most profitable way.

Present value per hectare Present value per hectare
if harvest takes place in — 1 if harvest takes place in
the restricted period the unrestricted period

Requirement of the limited

resource per hectare in the

restricted period

(14)

(14) implies that, in situation 1, it is not possible to select harvest objects optimally
without investigating the resource requirements and the different present values of
all stands (forest areas). On the other hand, Equ. (14) is quite general and convenient
to handle in most cases that belong to situation 1.

In situation 2, there are two limited resources that restrict the optimal solution.
The optimal selection of stands can no longer be madein the simple way (as in situation 1),
The graphical method suggested in the appendix can easily be used.

It should be clear that the optimal selection of stands is dependent not only on the
quantities discussed in situation 1, but also on the available harvest resource quantities.
More details are found in Appendix 5. In situation 2, it may be optimal to harvest one
or two stands (forest areas). Assume that it is optimal to harvest two stands (forest
areas). If the capacity of harvest resource 1 increases, the stand which is the most “capu-
city 1 intensive” should be more intensively harvested. The other stand should be less
intensively harvested in period 1.

This result is included to show that the optimal selection of stands and the optimal
harvest levels in different stands, are dependent on the total optimization problem in
quite a complicated way even in “simple” situations with a small number of restrictions.
In more complicated (and realistic) situations, the optimal selection of stands should be
made within a total optimization model explicitly including all restrictions and activities
of the firm. Compare LOAMANDER [6].
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4. Discussion

Optimal rotation under restrictions is a nice area in the sence that any rotation age can
be shown to be optimal in some planning situation! This has been shown in the analysis
of this paper. The “standard” parameters such as the price function parameters, the
regeneration cost and the rate of interest make the solutions even more interesting.

However, this also motivates a warning. Tn the past, many authors have suggested
“optimal” harvest ages and rules of thumb. These ages and rules generally show that
the typical restrictions and parameters discussed in this paper have not been taken into
consideration. Hence, they generally lead to solutions that do not maximize the present
value of the firm. This is turn reduces the intertemporal consumption possibilities.

It is recommended that, if restrictions are present, the total optimization problem of
the firm is solved in a way which explicitly takes all activities and restrictions into con-
sideration. That way the problem of suboptimization is avoided. The author is convinced
that it is better to have one rough optimization model that captures all activities of the
firm than to have several partial optimization models with many details. Generally,
the total coordination of activities is more important to profitability than the detailed,
but maybe wrong, stand selections (that may be the results of partial forest models).

The reader should be aware that the principles of optimal harvesting are quite dif-
ferent in a stochastic environment (future growth and prices can generally not be per-
fectly predicted). Some recent results in that area can be found in LonMANDER ([9, 10,
12]). (Optimal intertemporal harvesting under the influence of markets where prices are
not completely exogenous is the area of study in LonManpER [11]. It is important that
future research efforts are directed towards the problem: — How should you manage
natural resources in the presence of stochastic parameters and temporal restrictions ?
This is also the area of present investigation by the author of this paper.

Appendix 1
In this appendix Equ. (1) is analysed. A unique maximum with respect to T is assumed.

1
max 7 = [~C + e T P(T)V(T)] gy
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max x = —C+ o7 — 1]
oz _ PUDOV(T) + POVIT)} {1 — e~} — (—C + POV (T))r
o (T — 1)2e~1T

=0

N

=0

: T) + P(T)V(T
W =0 LEOTD HPOVE

1
{—=C + P(T)V(T)} =7

ar\ N 1T o
ol .. TN AP
((aT) Ik d )z’(gg“(araz) "gn(ax))

e
o T >

é—z O:l%>0
EaslNE

L

T

S p—————

S

LouMAXDER, P.: T

Definition. P(
N = {5}

Let [P(T*) = a +
N = (b

oN
| pere)

’

oN
o

N
y —=

Ay
= =
ar

Results in Apy
BT

{—C +.

Append
In this appendix E

max J7 =
T

max IT =
il

max IT =
T



190) 5

e can
lysis
, the

asted

that
into
>sent

m of
COn-

f the
ally,
iled,
lels).
- dif-
per-
510,
. are
that
nage

ns 2

S

LoumaNDER, P.: The Rotation Age 389
Definition. P(t) =a 4 bt
N={V(T) + @+ bdD)V(T) {1l — e T} — {—C + (a + bT)V(T)}r = 0
Let [P(T*) = a + bT* = constant, b varies] = [g¢ = P(T* — bT*)
N ={bV(T) + (P — bT + bT)V'(T); [ — e "T) — {—C + [P — bT + bTIV(T)}r = 0

-

———— = [V(D)1 — e~"T] > 0] [E > 0]
| ppeymix &b

eN

— = Te""TBV(T) + (@ + BT P (D)} + C — (a + BTYW(T)
T

eN
r= V(D) + (@ + VD)) Tre=T — (—C + (a + BTYV(DY}r

N
{r = - Ni=[Tre T — 14 e~ T} pV(T) + (a + bT)V/(T)}
=0

=e"NTr — &'T 4 1} (>0}
=e Tl L Tr— 71} (>0}
=e 71+

z)— €%} (>0} <0,(x=1Tr>0)
>0 <0

=

aN pay
[.a‘_<0]=3_i{’__<0
or ar

Results in Appendix 1:

P{TV(T) 4 P(T)V/(T) eT* o™ eT*
=r, — > 0, <0 —m — >0
&C b | pepaytix

) 1
{—C + P(V(T)} =7

Appendix 2

In this appendix Equ. (2) is analysed. A unique maximum with respect to 7T is assumed.

1 T _ T . 1
m;xﬂz?{ﬁf—e ’Cdt-f—ﬁfe ”[P(T)V(T)-—C’]erT__ldt]

1 ‘ 1 e—-::l:T
m;xﬂ=}—_-{—-0+{P(T,-F’(T)—G] e’“T—l}{_ - Jc}

1 (—Cle'T — 1] + P(TYF(T) — C) {1 — e—'T
max [T = —
T T eT —1 } [ r
5 —Ce T + P(TYV(T)
m:?'x a Tre T

[—rCe™™ + P(T)V(T) + P(T)V'(T)}Tre'T +
alr {—[—Oe'T + P(T)V(T)] [re'T 1 Tr2erT) } 0
F/a (Tre’T)2 =
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81 _ T{—Cre'T + PT)V(T) + P(T)V/(T)} — [1 + Tri{—Ce'T + P(T)V(T)}

i (TreT)2 (re'T)—1

=0

Lol =
I
<

(N=0)=

—Cre'T + P(T)V(T) + P(T)V'(T") 1 "
—Ce'T + P(T)V(T) T

o N I eN

o N = ogn (=

(a'f put =lle 0)#(33’1(31'33') Sg“(ax))
*

[%:eﬂ' > 0] =>F§(;—> 0}

% = T[Ce™T — P(T)V(T)] < 0

]

assumed to be <0

N aT#*
(‘-; < 0) = [_Er_ <0

Definition. P(t) = a + bt

N = TaV'(T) + T%V'(T) + Ce'T — aV(T) — TraV(T) — T2hV(T) =0

Let [P(T*) = a + bT* = constant, b varies] = [a = P(T*) — bT*]

¥ = T(P — bT)V'(T) + T%V"(T) + O’ — (P — bT)¥(T) — Tr(P — bT)V(T)
— T2 P(T) = 0

oN o1+

Results in Appendix 2:

—Cre'T 4. P(TYV(T) + P(T)V/(T) 1
—CeT + P(T)V(T) T
aT* ar* aT*

—_—0, — <0, —
ac ar b | permax

.+.r

>0

Appendix 3

In this appendix, Equ. (3) is analysed. A unique maximum with respect to T is assumed.

m;xH =I(T;x,Ty) + e~ "™ F(T)

ol ol | 9F(T)

o o ° T am
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Differentiation of the first order condition with respect to T and T, gives:
&1

. el

ar? aT oT,

—X— —¥—

It is reasonable to assume that ¥ is strictly positive. As the density of the initial forest increases,

it becomes more valuable to increase the number of years during which harvest of that forest should

take place, particularily if we have limited harvest or mill capacity (and a negative slope on the demand
curve)

>0
ors Y
oo 5 i 5
&T, X

<0

Hence, the optimal rotation age in the future forest is strictly positively affected by the density in
the initial forest.

Appendix 4

In this appendix Equ. (4) is analysed. A unique maximum with respect to 7 is assumed.

1, % 1
——— —rt e
max 1= — of e " [PT)V(T) — €] — —7 dt

P(IYV(T)—C e .
== ey (— %)

- PMV(T)—C[1—eT
i TR N }

_ P(MV(T)—C

7
g T

‘iE __AP(DYV(T) + P(T)V'(TWDr — {P(TYV(T) — Cir

=0
T (Tr)?

=0
al _ {PV(T) + POVITNT — (PTV(T) —C} _ N i
ar T2, T

=0

(N=0)=
PIOWV(T) + PT)VT) 1
P(TYV(T) — C 7t
A special case is when P/(T) =0, € = 0.
Then N =0=
o _ 1
2
V(T)

F(T) = - (The optimal rotation age is equal to the age of MSY.)




i

. 392 Syst. Anal. Model. Simul. 7 (1990) 5

N oT*
=1 —_—0
[ao & U] =%~
eN *

or er

[ L > 0] = o >0
oP'(T) |peroytix OP(T) | prejtix

Appendix 5

In this appendix Equs. (5) and (6) are analysed.

maxIT = fihyy +fiahie + oo+ fiabin + farhar + Faghas + -oo 4 fanhan
&t gy A+ xpohyy 4l Giphin < Ai
' Gorhyy 4 dgohis + o by, < A,

Omibyy + Cmahys + oee A+ dpahy < Ay
Making use of the assumptions in the text, we get:
max IT = (fy; — fohyy + (fio — foolhyg + ov + (fin — fondhin + .?:fszf
s.t. {Equ. (6)}.
Situation 1. There is only one harvest resource with restricted capacity. The dual problem is:

min € = 4,5,

8.t. ay 8 = (fiy — fay) (stand 1)
aya8y = (fra — faa) (stand 2)
c"1:-;"‘1. (f1n — fon) (stand n).
The restrictions can be rewritten as:
(fu [ 2;}
“1‘,‘

Hence, if oy, f;; and f,; are parameters that can take any real value, only one stand will restrict the
dual goal function with probability one. The stand which should be harvested in period 1 is the stand
which maximizes the ratio R(7)
(f, Ui — Joj) T 2:}
&y
Situation 2. There are two harvest resources with restricted capacity. The dual problem is:
min ¢ = 4,5, 4 4,5,
s.t. x1181 + %9182 = {fiy — Ja1) (stand 1)
%yp8y + Fppfp = (f 12 — J22) (stand 2)

()=

%18y T Oonsy = (f1n — fan) (stand n)
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S2

The optimal solution (the optimal selection of stands) depends on the slope of the isocost line (which
is a function of the capacities 4, and Aj) and the coefficients o;; for all ¢ and j. In the graph, the opti-
mal solution is intersection B, which means that stand 1 and stand 2 should be harvested to some
extent, since they maximize the object function of the primal problem (and minimize the object
function of the dual problem).

It should be clear that if the problem definition is correct, then any method of stand selection which
does not take the parameters A;and o into account leads to a solution which is generally not optimal.

Now, assume that B is the optimal intersection (stand 1 and 2 should be harvested). Then, the opti-
mal levels of %,; and A,, are calculated from:

e ] ] =12
Ogy gy hl*g 4,

Differentiation with respect to h;- and 4; gives;

25 2
X9y gy f”‘-;; d4,

1 o,
3?41*1 0 oy, | Cgg
a4, %1 O (%11%92 — 0egyx,,)
%g1 Dos
ok 1
24, oy o
D e (_1 — _=)
Xo O
=
), {_6"?‘1 2 o}
oy Sty o4, <

Consider the following problem. Stand 1 and 2 should be harvested. The capacity of harvest resource 1
increases, The stand which is the most “eapacity 1 intensive” should then be more intensively harvested.
The other stand should be less intensively harvested.

26 Syst. Anal. 7 (1990) 5
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Appendix 6 [7] Lonmax
Swedish
This computer code was used in the construction of the Figs. 12 and 13. Very similar codes were used [8] Lomwmax
in the construction of the Figs. 4, ..., 11. : Univ. of
1 FOR SEL = 1 TO 2 [9] Lomuax
5 PRINT" CONSTRAINED ROTATION" System
6 PRINT" SELECT ="; SEL (0] Lo
7 A =50 ! for Appl
SR 1 5 (1988)
10 C = 5000 Pl S
20 R = .03 i
6P 8 Simul. 6
40 M = 6.4 [12] Lomiax
50 S = 60 stochasti
55 FOR X — 1 TO 11 1988; Sy
56 S =40 + X % 10 (13] v Maran
59 LPRINT" SEL, C, P, R, M, §, A, B ="; SEL; C; P; R; M; S; A; B Univ. of
60 W = —10000 )
70 FOR T — 10 TO 200 Received: Sep
80 V=M %8 % 1.6416 * (1 — 6.3582" (—T/S)) " 2.8967 Revised: Janu
85 P=A+BxT
90 El = (—C + EXP(—R % T) % P % V)/(1 — EXP(—R  T)) Author’s addre
91 E2 = (—C % EXP(R % T) + P % V)(T % R % EXP(R % T)) -
9 E = El

96 IF SEL = 2 THEN E = E2
100 IF E > W THEN 150
110 U=T—-1
120 PRINT" OPTT ='; U
130 PRINT" PVAL ="; W
135 LPRINT" OPTT ="; U; "P VAL ="; W 1
140 GOTO 180 !
150 W = E :
160 NEXT T
170 PRINT" MAX T*
180 NEXT X
185 NEXT SEL
190 END

T —
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